The effective operators of leading-order relativistic corrections to dynamic polarizability of light atomic systems are obtained by using Non-Relativistic Quantum Electrodynamics approach. Also, effective operators of radiative corrections are obtained for hydrogen-like atoms by applying perturbative method on non-relativistic terms. The Bethe-logarithm correction is included in our calculations.
I. INTRUDUCTION
Polarizability is a key physical quantity, because of the unnegligible Stark effect in atomic experiments. The static polarizability correlates with the molar polarizability A ǫ of gas, which was used to accurately determine Boltzmann constant, for the ongoing redefinition of the kelvin in the International System of Units (SI) [1] . A ǫ is also needed to establish the temperature or pressure standards. The dynamical polarizability is a index for AC Stark effect of atoms in external electric field. It is a main systematic uncertainties source in many atomic physics experiments, in which the EM or optical traps are used. Theoretically, one can calculate dynamical polarizability to deduce a wavelength of external electric field that could exactly cancel the shift induced by ac Stark shift. This special wavelength is called magic wavelength. Some theoretical works have been done to give helpful suggestion on magic wavelength [2] or to search candidates on clock system [3] . Especially, in experiments on optical lattice clock, the projected fractional uncertainty is 10 −18 . In this case the blackbody radiation shift that due to ac Stark effect is taken into account more essentially [4, 5] .
On the side of simple atoms, spectroscopy experiments on hydrogen and helium provide astonishing accuracy for people to study the fundamental of physics, such as testing QED, determination of fine structure constant [6] and nuclear charge radius [7] . Some problems are left unsolved. The famous proton radius puzzle has stimulated several works on simple atoms, ions and moleculars. More accurate measurements and precise calculations are what is needed. A brief and concise review could be seen [8] . Interestingly, the helium nuclear charge radius obtained from 2 3 S − 2 3 P transition has a 4σ discrepancy with the value from
. This discrepancy is unexplained yet and raises another puzzle for nulear charge radius. For the measurment of 4 He, main systematic uncertainty is from ac Stark effect.
Theoretical works has been done on designing magic wavelength or tune-out wavelength trap for helium or helium-like experiments [10] [11] [12] , by precisely calculating dynamical polarizability. In their calculation, the leading-order relativistic and radiative (QED) corrections has been considered by full-configuration-interaction calculation based on Dirac-CoulombBreit (DCB) Hamiltonian. For simple atomic system, we usually use the variational method based on Schrödinger equation to calculate energy. The relativistic and radiative corrections are induced by effective operators. With proper basis set, variational method could also get good accuracy in polarizability calculation [13] , which provides a helpful cross-check with other mehthod. In term of the continuously growing accuracy both of experimental and theoretical works, higher-order corrections of polarizability should be taken into account. This requires a united way to derive the higher-order effective polarization operators. Pachucki derived the relativistic and radiative corrections of static polarization [14] , by perturbing non-realativistic terms. In this work, our purpose is to derive relativistic effective operators from first principle, by applying Non-Relativistic Quantum Electrodynamics (NRQED) approach [15] . The radiative correction is derived from perturbing non-relativistic operators.
In our calculation, Bethe-Logarithm-like terms are also revealed.
This paper is arranged as follow. First we introduce the theory and method. Then we calculate the non-relativistic polarization and leading-order relativistic corrections. Radiative corrections are calculated in the third part, in which the Bethe-Logarithm would emerge.
II. NON-RELATIVISTIC EXPANSION OF POLARIZABILITY
The energy of atom will be shifted as presence of external electric field, due to the Stark effect. It is usually proportional to the square of the electric field strength.
where E i is electric field strength, α ij represents atomic polarizability, ω is the frequency of electric field. The atom is perturbed by the quantized AC field
Considering relativistic case, the energy shift is written as
where H D is Dirac Hamiltonian, a, b denote particles in atom,α i is Dirac operator and ǫ i is polarization vector. The external states here should be relativistic states. The wavelength of electric field is usually much larger than radius of atom, therefore the dipole approximation e i k· x ∼ 1 is appropriate. Then energy shift would be
in which we use the Eq. (1) and the relation E i = −iωǫ i . The expression could be rearranged and written as three parts
in which α S , α V , α T are scalar, vector and tensor polarizability respectively. In principle, one could calculate the energy shift of Eq. (4) to derive the polarizability. However, it is hard to calculate the higher-order perturbation of polarizability in the Schrödinger atoms by using relativistic formula.
NRQED is a effective field theory that describes interaction of non-relativistic particle with the electromagnetic field. It is suitable for calculating the higher-order corrections of bound-state atoms. The NRQED Lagrangian is given
where ψ is the non-relativistic fermion field. H is effective non-relativistic Hamiltonian, which is derived from Dirac Hamiltonian by the Foldy-Wouthuysen transformation
The Feynman rules of NRQED can be directly derived from the Lagrangian according to the order of magnitude that we concerned. The first two terms in H F W correspond the non-relativistic vertices. The rest terms in the first line include the leading-order relativistic corrections. Here we list the Feynman rules that we will use to calculate later.
non-relativistic vertices (noted as
The non-relativistic expansion is also applied on relativistic wave-functions and Green's functions
where |ψ D is the eigenstate of Dirac Hamiltonian, H 0 is Schrödinger-Coulomb Hamiltonian for atomic system, |φ 0 is the eigenstate of
Hamiltonian of perturbation and E ′ is expectation value of H ′ . Roughly, we have the relation
Here we would like to make a notation that
of energy shift is put in form of
By the correction principle introduced above, we correct the terms one by one, then sum these corrections over to get complete correction.
III. CALCULATION A. Non-Relativistic Correction
The first term in FW Hamiltonian describe non-relativistic interaction between electron and electromagnetic field. The energy shift is
The second term in the last line is the contribution from seagull diagram. In our case, the polarization vector is chosen two be real, which means that we only consider the scalar and tensor polarizabilities. Thev N R means that it is an operator but not a c-number. The energy shift is given
When ω = 0, ∆E N R1 should cancel ∆E N R2 . This because ∆E N R2 is irrelevant with ω, which means gauge invariance is not held.
This exactly cancels ∆E N R2 . We have used the relationp/m = i[H 0 ,r], H 0 = E 0 . The summation of particles a, b should be noticed in the second line to the third. By subtracting the part of ω = 0, we get the energy shift correlated to polarizability
Via Eq. (1) and E = −iω ǫ, we give the non-relativistic correction operator of polarizablility
and the effective operator is written
B
. Leading-Order of Relativistic Correction
The leading-order of relativistic corrections are much more complicated than we did in last section, therefore we would like to adopt notations to make our expressions compact.
Generally, the leading-order relativistic energy correction is in the form of
We already let polarization vector ǫ to be real. The ∆E R2 denotes relativistic seagull diagram
contribution. Similarly, it should also be cancelled by ω = 0 part of ∆E R1 , just as the way we have showed in non-relativistic corrections, though more tedious. The leading-order relativistic correction of energy is given
Therefore the polarizability is extracted from the energy shift
In relativistic correction, H ′ = H ′ rel , which is given
IV. RADIATIVE CORRECTION
Based on the calculation of relativistic correction of polarizablility Eq. (19), replace H ′ with H ′ QED in the second line, one can get high energy contribution from virtual photon.
with form factor F . The K in form factor is cut-off factor, which should be cancelled with low energy corrections. We derive the low energy contribution by inserting virtual photon loop on non-relativistic term. The effective operator of leading-order radiative correction iŝ
Σ is self-energy operator of virtual photon loop that we insert in non-relativistic diagram. Σ 0 means the virtual loop is on fermion line surrounding no vertices, Σ 1 surrounding one vertex, Σ 2 surrounding two. They are given in different explicit forms. All Σ operators in this paper represent low energy contribution of self-energy. Except the last term, these corrections have Ultraviolet divergence when the cut-off momentum K is approaching infinity. The linear divergence could be cancelled by subtracting mass counter-terms [16] , while logarithm divergence should cancel with the Inferred divergence of high energy contribution. The expressions for Σ operators are
where Σ ′ means mass counter-term, E ξ,η,ζ means the energy of the Green's functions between vertices. Here we list the explicit form of Σ ln K and Σ
where E a,b ≡ E a − E b , E 1,2,3 is the energy of mediate states |1 , |2 and |3 respectively.
The Σ ij 2 is finite which is in the form
Then the finite part of total radiative correction to polarizability iŝ 
The first two lines represent high-energy contribution of self-energy. The rest are the counterterms of low-energy contribution.
V. CONCLUSION
We derived the leading-order of relativistic correction of dynamical polarizablility by using NRQED approach and we show the effective operator of them. The progress we introduced is not only feasible for the leading-order but also higher-order relativistic corrections. The leading-order radiative effective operator of polarizability is given by perturbation method.
As the improvement of precision in the atomic experiments, these higher order term will become more important.
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